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Abstract

The divided subtracted inversion recovery (dSIR) is a high T1 contrast technique that

shows changes in white matter in patients with traumatic brain injury and hypoxic

injury. The changes can be explained by small differences in T1; however, to date,

there has been no independent validation of the technique using a standard refer-

ence. The present study develops the theory of the dSIR signal and performs valida-

tion using the NIST/ISMRM T1 phantom. Non-idealities are explored, including the

influence of noise bias and finite repetition time (TR), which leads to the introduction

of an optimally efficient TR for inversion recovery acquisitions. Results show excel-

lent agreement with theoretical calculations.

1 | INTRODUCTION

A difference in T1 between tissues is one of the primary mechanisms for generating contrast in magnetic resonance (MR) imaging. The idea is to

acquire an image using parameter choices such that the physical evolution of the MR signal provides differentiation of (normal from abnormal) tis-

sues based on the T1 and/or other properties.1 Several recent techniques have been developed for obtaining very high T1 contrast from two

ABBREVIATIONS: CIR, contrast (dMIR/dT1); CSF, cerebrospinal fluid; dSIR, divided Subtracted Inversion Recovery; EIR, efficiency (MIR/ √TR); FLAWS-hc, fluid and water suppression-high

contrast; IR, inversion recovery; mD, middle domain; MIR, longitudinal magnetization; MP2RAGE, magnetization prepared 2 rapid acquisition gradient echo; MR, magnetic resonance; mTBI, mild

traumatic brain injury; SNR, signal-to-noise ratio; TE, echo time; TI, inversion time; TR, repetition time.

Received: 30 July 2024 Revised: 18 September 2024 Accepted: 20 September 2024

DOI: 10.1002/nbm.5269

NMR in Biomedicine. 2024;37:e5269. wileyonlinelibrary.com/journal/nbm © 2024 John Wiley & Sons Ltd. 1 of 10

https://doi.org/10.1002/nbm.5269

https://orcid.org/0000-0001-9210-0225
mailto:markbydder@gmail.com
https://doi.org/10.1002/nbm.5269
http://wileyonlinelibrary.com/journal/nbm
https://doi.org/10.1002/nbm.5269
http://crossmark.crossref.org/dialog/?doi=10.1002%2Fnbm.5269&domain=pdf&date_stamp=2024-10-02


inversion recovery (IR) images rather than a single image.2–7 They use simple mathematical operations—multiplication, addition, subtraction, and

division—to generate image contrasts not attainable by conventional IR sequences.

Magnetization prepared 2 rapid acquisition gradient echo (MP2RAGE) is formed by dividing the product of the images by the sum of squares.2

FLuid And Water Suppression (FLAWS) has three variants one of which (FLAWS-hc) is the difference divided by the sum.4,5 In both cases, any com-

mon factors between the acquisitions such as coil shading, proton density, and T2 are normalized out to leave essentially a pure T1-weighted

image. The weighting is modulated by a filter that can be used to suppress or emphasize T1s of interest. Divided subtracted IR (dSIR) is constructed

similarly to FLAWS-hc, but without sign correction and using narrowly spaced inversion times (TIs) to bracket a T1 of interest in the middle Domain

(mD) (Figure 1—left). Writing the longitudinal magnetization (MIR) as a function of short and long TIs (TI1 and TI2), the image is produced by

Equation 1.

dSIR¼MIR TI2ð Þ�MIR TI1ð Þ
MIR TI1ð ÞþMIR TI2ð Þ ð1Þ

The response of the dSIR signal has the shape of a bipolar filter (Figure 1 right) with high dynamic range in the mD and broad stopband out-

side the mD.

An example from a normal volunteer is shown in Figure 2 of IR source images and the dSIR image. The acquisition protocol (TI1/TI2 350/500)

places the mD on white matter where it produces a high level of detail and a sharp delineation of the boundary between white matter and gray

matter. Normal white matter appears as a generally low signal (dSIR <0) with some gray anatomical features (dSIR �0). Recent studies have

reported that abnormal white matter appears at the top of the dynamic range (dSIR �1) in patients with hypoxic injury and mild traumatic brain

injury (mTBI).8–11

An example from a patient presenting with mTBI is shown in Figure 3.12 The patient reported fatigue and attention difficulties at 21 h that

were not present on follow-up at 64 h. The accompanying changes in white matter dSIR signal correspond to a T1 difference of around 100 ms.

This ability to visualize changes in T1 is a feature of dSIR compared to conventional sequences that are less sensitive to T1.

Clinical findings such as these provide the motivation of the present study to quantify the dSIR signal, to validate the T1 response, and to opti-

mize the sensitivity of the sequence. The overall aim is to increase confidence in the results obtained in patients using dSIR and other 2-point IR

techniques.

2 | METHODS

The study was conducted in accordance with the Declaration of Helsinki and approved by the Auckland Hospital Research Ethics Committee

(approval number AHRECAH1006 in 2021). Informed consent was obtained from the subject whose images are used in this manuscript.

In vivo scans: IR fast spin echo (FSE), 3 T, echo train length 10, 32-channel head coil, bandwidth 260 Hz/pixel, 256 � 256 resolution, TR/TE

5000/12 ms, TIs 350 and 500 ms (parameters taken from previous works9). Inversion was achieved using the default adiabatic hyperbolic

secant pulse (duration 10 ms). Images were generated on the scanner in DICOM format and taken offline for analysis.

F IGURE 1 Magnetization as a function of T1 for two inversion recovery (IR) curves (left) with nullpoints at 505 and 722 ms (TI1/
TI2 = 350/500). The divided subtracted inversion recovery (dSIR) response (right) is linear between the nullpoints (inset) and damped outside
resulting in a bipolar filter. The effect of repetition time (TR) is demonstrated for three TR choices (referred to later in the text) showing that
differences are minimal inside the mD.
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Phantom scans: IR spin echo (SE), 1.5 T, 2-channel body coil, bandwidth 1000 Hz/pixel, 128 � 128 resolution, TR/TE 15000/10 ms, TI in

increments of 100 ms from 24 to 1024 ms. Raw data were taken offline for analysis. Matched filter coil combination was used with a kernel

size of 200 points.13 No other filtering or post-processing was applied.

Phantom: The phantom is commercially available as the NIST/ISMRM Premium System Phantom Model 130 (Caliber MRI, Boulder CO).14 It

contains 14 MnCl2-doped compartments with reference T1 values logarithmically spaced from 83.33 to 2376 ms (given in Table S2 of previ-

ous works14).

Computation: All computations were done using MATLAB 2023a (Mathworks, Natick MA) on a 16-core Xeon processor (Intel, Santa Clara

CA). The dSIR images were created from Equation 1 using pairs of TIs. Fitting of T1 was performed using an in-house implementation of the

damped Gauss–Newton algorithm to minimizes the least squares error between Equation 2 and the (complex) data points with respect to a

(complex) scaling parameter and (real) T1.

3 | RESULTS

3.1 | Relation to T1

The IR magnetization is a function of TI, T1 and TR given by Equation 2.

MIR ¼1�2exp �TI=T1ð Þþ exp �TR=T1ð Þ ð2Þ

F IGURE 3 Divided subtracted inversion recovery (dSIR) images at 21 h (left) and 64 h (right) following an mTBI. High signal is observed in the
white matter of the cerebral hemispheres shortly after injury (left). On the follow-up image (right), the white matter signal appears dark.

F IGURE 2 In vivo inversion recovery (IR) and divided subtracted inversion recovery (dSIR) images with TI = 350 and 500 ms as well as the
corresponding dSIR image. The source images show low signal in white matter and high signal in CSF. The dSIR (Equation 1) acts as a bipolar T1
filter that suppresses unwanted short and long T1 signals and generates high contrast inside the mD.
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Substituting Equation 2 into Equation 1 results in a complicated expression that cannot easily be simplified using Taylor expansions since the

exponents are not small. However, simulations reveal that dSIR has a near-linear dependence on T1 inside the mD (Figure 1B inset), which may be

approximated by Equation 3.

dSIR≈m �T1þc ð3Þ

Linear regression between the nullpoints yields slope m = 2/Δnullpoints and intercept c = � Σnullpoints/Δnullpoints, which can be rewritten

as m = ln 4/ ΔTI and c = –ΣTI/ΔTI at infinite TR.7 Outside the mD the shape is approximately the inverse of Equation 3, which reflects the sup-

pression of short and long T1 values. Overall the dSIR response is that of a bipolar T1 filter.

3.2 | Initial T1 measurement

Figure 4 shows images of the phantom containing 14 compartments with different T1s and a maximum signal-to-noise ratio (SNR) of around 20.

This is a suggested value for clinical images,15 and so the phantom dataset represents a practical noise level. Best fit T1 values (±95% confidence

intervals) in each compartment were 71.6 ± 1.4, 101.7 ± 1.3, 147.4 ± 1.3, 208.0 ± 1.2, 270.0 ± 1.5, 409.2 ± 1.9, 560.0 ± 2.0, 743.9 ± 2.2,

978.8 ± 2.4, 1264.0 ± 3.5, 1515.3 ± 5.7, 1868.8 ± 8.1, 2149.9 ± 11.0, 2440.3 ± 13.3 ms. These are in excellent agreement with reference values

(correlation 0.9994, slope 1.0079 ± 0.021, intercept �12 ± 25 ms) and serve as a validation of the experimental setup.

3.3 | Noise bias

The dSIR images are formed from magnitude IR images, which contain noise bias.16 This can be a concern for dSIR since the signal at the

nullpoints is mostly bias. Bias may be modeled as a quadrature term, signal!
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

signal2þbias2
q

, proportional to the noise standard deviation

(bias¼ kσ) with scaling factor k dependent on imaging choices. Specific examples include13,17,18

i. 1 channel, magnitude (k¼ ffiffiffiffiffiffiffiffi

π=2
p

)

ii. N channels, sum of squares (k≈
ffiffiffiffiffiffiffiffi

π=2
p � ffiffiffiffi

N
p

)*

iii. N channels, matched filter, magnitude (k¼ ffiffiffiffiffiffiffiffi

π=2
p

)

iv. N channels, matched filter, phase-corrected (k¼ ffiffiffiffiffiffiffiffi

π=4
p

)

Table 1 shows results from the regions of interest (ROIs) indicated in Figure 4 (red and blue circles) drawn on images reconstructed by each

method. In the red ROI, the standard deviation is the same for all methods, and the multichannel methods all have the same mean. In the blue

ROI, the values differ significantly between methods due to bias.

The effect of bias on the dSIR signal is demonstrated in Figure 4 (right). The experimental data and theoretical curves indicate a rounding of

sharp boundaries at the edge of the mD (notably in phantom compartments 6 and 9) and consequently a loss of dynamic range. The dynamic

range can be estimated at the nullpoint by substituting MIR TI1ð Þ> > bias and MIR TI2ð Þ¼ bias into the dSIR formula (Equation 1) to obtain

F IGURE 4 Phantom images with ROIs drawn in areas of containing bias (blue circle) and signal (red circle). The numbered compartments
contain doped water with known T1s

14. The plot (right) shows mean divided subtracted inversion recovery (dSIR) signal ± standard deviation for
each compartment using images generated by different reconstruction methods indicated in the legend. Overlaid are theoretical curves for the
noiseless and noise-biased data.
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max:dSIR signal¼SNR�k
SNRþk

ð4Þ

where SNR = MIR TI1ð Þ=σ. Using phantom compartment 9 as representative of the nullpoint, the measured SNRs of 7.3 (single channel) and 9.6

(multichannel) yield estimates of the max. dSIR signal of 0.70, 0.69, 0.77, and 0.83 for methods (i)–(iv), respectively. These compare with the mea-

sured dSIR signals of 0.67, 0.66, 0.75, and 0.83. The results confirm the relative performance of methods (i)–(iv) and validate the effect of SNR on

the dSIR signal given by Equation 4.

3.4 | T1 ambiguity

A second consequence of using magnitude images is sign ambiguity in the dSIR. The phase difference (Δϕ) between the IR images can be used for

disambiguation in a similar way to that used for FLAWS-hc.4 Briefly, Δϕ is either ±π (inside the mD) or 0 (outside the mD); in the latter case,

aliasing comes from the left (when dSIR <0) or right (when dSIR >0). Magnitude dSIR and sign-corrected dSIR images produced from following the

disambiguation rules above are shown in Figure 5. The plot (right) shows how the latter resolves the full range of T1 but exhibits noise sensitivity

when dSIR is close to zero. This is expressed as misassigned pixels and a large standard deviation (notably phantom compartments 1–2). In com-

parison with the magnitude dSIR, however, two key features are lost: (i) long T1s appear at the top of the dynamic range, impairing the ability to

visualize grayscale differences in the mD; (ii) boundaries at the edge of the mD at ±1 are no longer present. These two qualitative aspects, namely,

dynamic range reduction and boundary identification, are useful for clinically reading the images.

3.5 | Synthetic dSIR images

An important use for disambiguation is to allow remapping dSIR from one mD to another. This is possible because the signed dSIR has a one-

to-one mapping with T1 (and vice versa), so in principle any TI combination can be synthesized from any other. This idea was proposed previously

for MP2RAGE to generate application-specific contrasts from a general-purpose wide ΔTI acquisition.19 The advantage is that precise TIs for an

TABLE 1 Values from the red/blue circular ROIs drawn on Figure 4 for different reconstruction methods. The standard deviation σ ≈4:7 is
consistent between methods, and the multichannel images have identical signal. The bias measurements differ depending on method, following
the expected scaling (i)–(iv).

Signal Bias

Single channel 68.4 ± 4.6 5.7 ± 2.9

Sum of squares 89.0 ± 4.7 8.1 ± 3.0

Matched filter 88.8 ± 4.7 5.9 ± 3.2

Phase-corrected 88.7 ± 4.7 3.6 ± 2.7

F IGURE 5 Divided subtracted inversion recovery (dSIR) image (left) for the phantom data in Figure 4 (TI1/TI2 = 324/724) and signed dSIR
image (center) using the phase difference to disambiguate the signals. The plot (right) shows numeric values (±standard deviation) in each
phantom compartment versus the reference T1 values. Noise scatter in the short T1 compartments reflects fluctuation in the dSIR signal from
positive to negative about zero.
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acquisition do not need to be known prospectively but can be synthesized in post-processing. A second application is to acquire slightly wider TIs

than specified to move the nullpoints outside the mD (since these incur the most noise bias) then synthesize the required mD.

Examples of narrowing and widening ΔTI are shown in Figure 6. The data points plotted versus the reference T1 values accurately follow the

theoretical curves. There is clearly some noise suppression/amplification associated with remapping, indicating some transforms are more favor-

able than others; however, a detailed analysis is beyond the scope of the present study.

3.6 | Efficiency

A long TR is frequently used for dSIR and MP2RAGE acquisitions. Reducing the TR allows the acquisitions to be performed in a shorter time but

perturbs the shape of the T1 response (Figure 7A). However, as long as the nullpoints are maintained by appropriate modification of the TIs by

Equation 5

TI¼T1 ln2� ln 1þ exp �TR=T1ð Þð Þð Þ ð5Þ

then the filter shape is largely unchanged (Figure 1B). While the equilibrium magnetization is lower due to incomplete T1 recovery, the acquisi-

tions are faster, and so the efficiency as defined in Equation 6 is higher.

EIR ¼ MIR
ffiffiffiffiffiffi

TR
p ð6Þ

This reflects the fact that waiting for MIR to recover yields diminishing returns and eventually saturates, whereas averaging always gives a

square root increase in SNR with time. Figure 7B shows that EIR passes through a maximum, which is the TR of optimal efficiency (TRopt), and that

TRopt depends on the T1 of interest. TRopt also depends on the T1 to null; Figure 7C plots TRopt for some practical cases corresponding to the

nulling of CSF, blood, and fat.

Table 2 compares three dSIR protocols based on the long TR protocol of previous works9 and two shorter TR protocols using either a fixed

TRopt or separate TRopts for each TI. The latter are optimized for a T1 of interest at the center of the mD (613 ms), as described in Appendix B.

Calculations show the theoretical efficiency gain using the shorter TR protocols is approximately 28%. To verify this, numerical simulations were

performed using nonlinear least squares and dSIR (Equation 1) to estimate T1. Signals were generated from Equation 2 based on the protocols in

Table 2 with added complex random Gaussian noise; the variance of the noise was scaled by the sum of the TRs to normalize for acquisition time.

Means and standard deviations of the T1 estimates were computed from 105 trials.

Figure 8 shows the standard deviations of T1s estimated by nonlinear least squares (solid lines) and dSIR (dashed lines). For both, the variation

inside the mD has a similar shape with a minimum close to the center of the mD and minor differences at the edge of the mD. Differences outside

the mD are due to the filtering effect of dSIR. Variation between the protocols is identical for least squares and dSIR, with coefficients of variation

1.000, 1.275, 1.276, respectively, at the T1 of interest, consistent with the expected theoretical efficiency gain (Table 2). It should also be noted

that the T1 response between the protocols is almost identical in the mD (Figure 1B inset) outside the mD, there are differences at long T1 signals

due to the effect of short TR on the equilibrium magnetization. For the separate TR protocol, this causes the acquisitions to have more similar sig-

nal at long T1 and thus better cancellation in the subtraction.

F IGURE 6 Examples of synthesizing divided subtracted inversion recoveries (dSIRs) to different inversion times (TIs) based on the dataset
from Figures 4 to 5 (TI1/TI2 = 324/724). The left image shows narrowing to 424/624 and the center image shows widening to 124/1024. The
plot (right) shows the signal (±standard deviation) in the different compartments overlaid with theoretical dSIR curves. Agreement between the
remapped data and the expected filter shape is very close.
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4 | DISCUSSION

Recent studies using the dSIR technique have described signal changes in patients with mTBI, multiple sclerosis and other diffuse brain disorders

that are attributed to small changes in T1.
8–12 The 2-point IR techniques such as dSIR, MP2RAGE, and FLAWS offer a hybrid qualitative–

quantitative approach that filter unwanted T1 signals yet retain a direct mapping to T1 in physical units rather than arbitrary signal. This provides

the motivation for the present study to improve understanding of the dSIR and optimize its sensitivity. Excellent agreement is observed between

the theoretical model developed from Equations 1 and 2 and reference T1 values in a standard phantom.

F IGURE 7 (A) Inversion recovery (IR) signal for different choices of repetition time (TR) with a nullpoint at T1 = 505 ms. The longer T1 signals
are suppressed by use of a shorter TR, but signals in the mD are relatively unchanged. (B) Efficiency as a function of TR for different T1s of
interest (scale is normalized to the SE sequence—see Appendix A). The efficiency is a strong function of TI particularly around the nullpoint
(as may be expected). (C) The TRopt versus T1 of interest for some commonly nulled tissues: CSF (4000 ms), blood (1200 ms), and fat (260 ms).
The black dotted line is the intersection of the T1 of interest and T1 to null at TR = 3.57 T1 (see Appendix B).

TABLE 2 Repetition time (TR) and inversion time (TI) combinations that produce the same divided subtracted inversion recovery (dSIR) image.
The shorter TRs have lower signal due to incomplete T1 recovery but are more efficient (final column). The top two rows use a fixed TR for both
TIs, while the bottom row uses a separate TR for each TI.

TR (ms) TI1 (ms) TI2 (ms) MIR EIR

5000 350 500 1.000a 1.000a

2188 343 466 0.848 1.282

2005/2352 341 473 0.842 1.286

aCalculated at the center of the mD (T1 = 613 ms) and normalized to the top row.

F IGURE 8 Numerical simulations of the standard deviation of T1 estimated by nonlinear least squares (solid lines) and divided subtracted
inversion recovery (dSIR) (dotted lines) based on the protocols in Table 2. Vertical dashed lines indicate the boundaries of the mD. Least squares
and dSIR have similar shaped curves and minima in the mD, with differences outside the mD reflecting dSIR filtering (Figure 1). Comparing
between protocols, the short TR protocols (red/yellow) generally exhibit around 28% lower uncertainty than the long TR protocol (blue), following
the expected efficiency gain.
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Previous work used a long TR which simplifies the signal model (Equation 2) but is suboptimal in terms of efficiency. A more time-efficient

form of MP2RAGE with shortened TR and TIs was proposed using synthetic remapping to recover the T1 response of a long TR acquisition,20

however it is unclear how parameter values were chosen. The present study has found TR and TI can be specified by an optimization of the effi-

ciency, which depends on the T1 of interest and the T1 to null. The approach generalizes to multi-TI acquisitions (corresponding to a vertical tra-

versal of Figure 7C) and also single TI acquisitions. Examples of the latter are listed in Table 3. The TRopts predicted for T2 FLAIR and STIR are

close to the values used clinically, which indicates these sequences are optimized for efficiency (for comparison, optimization for contrast would

use TRs of 3443 ms and infinity, respectively). The T1 FLAIR sequence is designed maximize contrast between several tissues: fatty marrow

(T1 = 260 ms), white/gray matter (T1 = 790/920 ms), and lesions (T1 = 1300 ms). Its theoretical maximum efficiency (at 365 ms) and maximum

contrast (at 619 ms) are intermediate between the target tissues.

The present study has several limitations. Firstly, the interpretation of dSIR as a surrogate for T1 relies on the applicability of Equation 2,

which is valid in water-based phantoms. However, biological tissues can have a range of complex behaviors. These include multiexponential

relaxation and magnetization transfer effects,22–24 as well as technical differences due to the imaging sequence.25 Secondly, experiments

were performed using SE, whereas in practice, FSE is more common. Long echo trains of 180� RF pulses inhibit the recovery of longitudinal

magnetization and require modification of the signal equation (i.e., replacing TR with TR–TElast where TElast is the timing of the last echo).21

Another common sequence enhancement is driven equilibrium, which converts residual transverse magnetization at the end of the echo

train to longitudinal magnetization.26 Calculations of the optimal TI and TR with these techniques need to be modified. Thirdly, subtraction

of images increases the sensitivity to noise. The SNR poses a fundamental limitation however noise bias is an avoidable second-order effect

that causes a loss of dynamic range (Equation 4). A practical way to activate the optimal reconstruction pathway is to use matched

filtering (parallel imaging or adaptive coil combine) with partial Fourier (phase constraints). Another option is to fit the T1 using least

squares and apply the dSIR filter retroactively. Noise suppression techniques, such as regularization and denoising, may also be useful at

low SNR.

In conclusion, the dSIR sequence is a 2-point IR technique that provides high contrast and accurate T1 estimates in a specific domain of inter-

est. Good agreement is observed between theory and experiment, with expected systematic deviation due to the effect of noise bias at low SNR.

These results help to increase confidence in clinical observations using the technique.
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ENDNOTE

* The precise factor is given by Eq 14 of Gudbjartsson and Patz16 however it is well-approximated by 1.1√N or simply just √N to illustrate the dependence

on number of channels.

TABLE 3 Imaging protocols for inversion recovery (IR) sequences with TRopt calculated based on literature T1s for CSF (4000 ms), fat
(260 ms), brain (920 ms), and muscle (870 ms).21

Sequence T1 to null (ms) T1 of interest (ms) TRopt (ms) Efficiencya Contrasta

T2 FLAIR 4000 920 4759 0.477 2.03

STIR 260 870 1837 0.543 0.30

T1 FLAIR 4000 365b 2000 0.549 1.52

aCalculated relative to SE (Appendix A).
bInferred from T1 to null and the fixed repetition time (TR).
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APPENDIX A: Efficiency of IR relative to SE

Equation 6 expresses the efficiency in arbitrary units. A more meaningful metric comes from dividing EIR by the noise standard deviation to give

the SNR efficiency; however, an alternative is to reference to a sequence without an IR pulse. The SE signal is given by MSE ¼1� exp �TR=T1ð Þ,
which has maximum efficiency (ESE ¼MSE=

ffiffiffiffiffiffi

TR
p

) at TR≈1:26T1,
27 leading to ESE ≈0:64=

ffiffiffiffiffiffi

T1
p

. Using this normalization shows that EIR is typically

is less than half ESE (Figure 7B). As well as efficiency, the contrast (CIR ¼dMIR=dT1) can also be referenced to SE. The maximum of CSE ¼
dMSE=dT1 occurs at TR¼2T1 with value 2exp �2ð Þ=T1 in arbitrary units. The maximum of CIR is intractable except for TR!∞ where it has a max-

imum of 4exp �2ð Þ=T1 at TI=2 T1,
28 or 2CSE. Thus, it can be seen that IR is around half as efficient as SE but has twice the available contrast.

APPENDIX B: Calculating TRopt with narrow ΔTI

When the ΔTI is narrow, the T1 of interest and T1 to null are similar. In the limit that they are the same, the TRopt can be found analytically by set-

ting dEIR=dTR¼0 and substituting TR¼ κ �T1. This leads to κ 1þ2κð Þ� 1þ2κþeκð Þ ln2� ln 1þe�κð Þð Þ¼0, or κ≈3:57. In general the T1s are not

the same and a numerical procedure must be used to calculate TRopt. MATLAB code is given below for a specified T1 of interest (T1int) and T1 to

null (T1null).

%% code to optimize TR for a given T1 of interest & T1 to null

T1int = 920;

T1null = 4000;

% avoid the singularity at TR = 0

initial_guess = 3.57 * T1int;

% find the minimum of -efficiency

wrapper = @(TR)-efficiency (TR,T1int,T1null);

TRopt = fminsearch (wrapper,initial_guess);

% display results

[E TI M C] = efficiency (TRopt,T1int,T1null);

fprintf(‘TRopt = %f TI = %f M = % + f E = %f C = %f\n’,TRopt,TI,M,E,C);

%% function to calculate efficiency & contrast

function [E TI M C] = efficiency (TR,T1int,T1null)

% TI needed for T1null

TI = T1null * (log(2) - log(1 + exp[�TR/T1null]));

% magnetization at T1int

M = 1–2*exp(-TI/T1int) + exp(�TR/T1int);

% efficiency at T1int (relative to spin echo)

E = abs(M) /TR^(1/2);

E = E/ (0.64/T1int^(1/2));

% contrast at T1int (relative to spin echo)

C = abs (exp(�TR/T1int)*TR - 2*exp(-TI/T1int)*TI) /T1int^2;

C = C/ (2*exp(�2) /T1int);

end
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