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a b s t r a c t
Recently, several new beamformers have been introduced for reconstruction and localization of neural
sources from EEG and MEG. Although studies have compared the accuracy of beamformers for localization
of strong sources in the brain, a comparison of new and conventional beamformers for time-course
reconstruction of a desired source has not been previously undertaken. In this study, 8 beamformers
were examined with respect to several parameters, including variations in depth, orientation, magnitude,
and frequency of the simulated source to determine their (i) effectiveness at time-course reconstruction
of the sources, and (ii) stability of their performances with respect to the input changes. The spatial
and directional pass-bands of the beamformers were estimated via simulated and real EEG sources to
determine spatial resolution. White-noise spatial maps of the beamformers were calculated to show
which beamformers have a location bias. Simulated EEG data were produced by projection via forward
head modelling of simulated sources onto scalp electrodes, then superimposed on real background EEG.
Real EEG was recorded from a patient with essential tremor and deep brain implanted electrodes. Gain
– the ratio of SNR of the reconstructed time-course to the input SNR – was the primary measure of
performance of the beamformers.
Overall, minimum-variance beamformers had higher Gains and superior spatial resolution to those of
the minimum-norm beamformers, although their performance was more sensitive to changes in magnitude, depth, and frequency of the simulated source. White-noise spatial maps showed that several, but
not all, beamformers have an undesirable location bias.
© 2014 Elsevier Ltd. All rights reserved.

1. Introduction
Electroencephalography (EEG) and magnetoencephalography
(MEG) are noninvasive tools for functional brain imaging using
scalp recording. Compared with other common tools for brain
functional imaging such as functional magnetic resonance imaging
(fMRI) and positron emission tomography (PET), which measure relatively slow changes in blood ﬂow and metabolic activity
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which are indirect markers of brain electrical activity, EEG and
MEG measure brain electrical activity with millisecond temporal
resolution. This advantage provides opportunities for studies of
highly dynamic and transient neural activity. In recent years, brain
source imaging and reconstruction from continuous and singletrial EEG/MEG data have received increased attention aimed at
improving the understanding of rapidly changing brain dynamics
[1–3] and using this for improved real-time brain monitoring, brain
computer interface (BCI), and neurofeedback [4–6]. In contrast, EEG
and MEG have poor spatial resolution relative to fMRI and PET.
This is, in part, due to EEG and MEG mostly reﬂecting the electrical activity of the cortical grey matter, with deeper brain activities
attenuated and contributing considerably less to the EEG/MEG signals. The beamformer provides a versatile form of spatial ﬁltering,

176

Y. Jonmohamadi et al. / Biomedical Signal Processing and Control 14 (2014) 175–188

suitable for processing data from an array of sensors [7]. Beamformers were originally applied in array signal processing including
sonar, radar, and seismic exploration [8]. The basic principle of
beamformer design is to allow the neuronal signal of interest to
pass through in a certain source location and orientation, called
a pass-band, while suppressing noise or unwanted signal in other
locations or orientations, called a stop-band [9]. A major limitation of beamformers is that they cannot properly reconstruct two
spatially separate but temporally-correlated sources [9–11]; for
example, they cancel each other when spatially far from each other
or merge when they are spatially placed close to each other [9].
In recent years, new beamformers have been introduced for
brain source localization and signal reconstruction from EEG and
MEG [7,9,12,13]. The performances of these beamformers have
mostly been evaluated in terms of accuracy for source localization
of strong electric/magnetic signals, such as epileptogenic spikes
[10,14], auditory evoked potentials [7,13,15], and median-nerve
evoked potentials [9]. Aside from source localization, the application of beamformers to signal reconstruction of predeﬁned regions
of interest (ROI) in the brain is gaining increased attention in neuroimaging laboratories and is a common process in applications of
EEG and MEG [16]. Examples of such ROIs are the motor cortex
for BCI [17], intracerebral current ﬂow for neurofeedback [16], or
any region in the brain found to have consistent changes in activity
via functional imaging techniques such as fMRI or PET. However,
a comparison of several new and conventional beamformers for
time-course reconstruction of a desired source has not been previously undertaken.
Beamformers applied to EEG or MEG fall into two categories:
(A) scalar beamformers, which reconstruct the source time-course
via a single output, and (B) vector beamformers which, reconstruct
the source time-course in 3 orthogonal directions. For scalar beamformers, the orientation of the brain source can be estimated via
techniques such as grid search [18,19], whereas vector beamformers do not require orientation of brain sources as they reconstruct
the source time-series in 3 orthogonal time-courses. There are two
methods for implementation of vector beamformers which are discussed in [20]. In the ﬁrst method, the vector beamformer is a single
beamformer with 3 orthogonal outputs, as applied in [10]. In the
second implementation, the vector beamformer is made of 3 scalar
beamformers in the 3 orthogonal directions as in [9,21].
In the current study, we investigated the performance of
8 beamformers: (1) minimum-variance (MV) (also known as
distortionless minimum-variance [12]), (2) weight-normalized
minimum-variance (WNMV) [12]) (also known as Borgiotti–Kaplan
[7,22], (3) standardized minimum-variance (SMV) [12], (4)
eigenspace extension of the minimum-variance (ESMV) [23],
(5) higher-order covariance matrix of minimum-variance (HOC)
[9], (6) generalized sidelobe canceller form of quiescent beamformer (GSC) [24], (7) standardized low-resolution electromagnetic
tomography (sLORETA) [25], and (8) array-gain constraint
minimum-norm with recursively updated Gram matrix (AGMNRUG) [13]. Gain, deﬁned as the ratio of the input signal-to-noise
ratio (SNR) to that of reconstructed time-course SNR, was used
to quantify the performance of the beamformers in the ROI,
with respect to changes in source parameters of depth, orientation, magnitude, and frequency. Spatial and directional pass-bands
were provided to show the spatial resolution of the beamformers.
White-noise spatial maps of the beamformers were obtained by
back-projection of the white noise to the source-space via beamformers to determine which beamformers have a location bias. For
the most part, the scalar beamformers were applied to determine
the performance of the beamformers with respect to changes in the
input parameters and the spatial resolution.
Throughout this paper, plain italics indicate scalars, lower-case
boldface italics indicate vectors, and upper-case boldface italics

indicate matrices. Subscript b refers to assumed location or orientation of the source and subscript d refers to actual location or
orientation of the source. The Frobenius norm was used to obtain
the norm of the matrices and vectors.
2. Beamformer algorithms
The reconstructed source time-series ŝ(t, r b , qb ) from the EEG
for a scalar beamformer is
ŝ(t, r b , qb ) = w T (r b , qb )b(t),

(1)

where r b = [rbx , rby , rbz ]T (mm) and qb = [qbx , qby , qbz ]T are the
assumed source location and orientation respectively for calculation of the beamformer weight vector,  qb  =1, w(r b , qb ) is the
weight vector for the scalar beamformer, and b(t) = [b1 (t), b2 (t),
. . ., bM (t)]T is the measured EEG data on M electrodes at time t.
Each beamformer has its own formulation of w(r b , qb ).
For a vector beamformer the reconstructed time-course can be
written as
ŝ(t, r b ) = W T (r b )b(t).

(2)

In the above implementation, the vector beamformer is a single
beamformer with 3 orthogonal outputs, as shown in [10]. A second
implementation is shown in [9]:
ŝ (t, r b ) = w T (r b )b(t),

 = x, y, z.

(3)

Similar to [20], we call the ﬁrst implementation a 3-D vector beamformer and the second implementation a 3-scalar vector
beamformer.
Spatial ﬁlters can also be divided into two main families:
minimum-variance and minimum-norm based spatial ﬁlters. In
this study the MV, WNMV, SMV, HOC and ESMV beamformers belong to the minimum-variance family of spatial ﬁlters
whereas GSC, sLORETA, and AGMN-RUG beamformers belong to the
minimum-norm family of spatial ﬁlters. The minimum-variance
spatial ﬁlters seek an adaptive solution for the minimization of
the reconstructed source power. For the scalar beamformers, and
without the loss of generality, this can be expressed as
w(r b , qb ) = arg minw(r b ,qb ) (w T (r b , qb )Cw(r b , qb ))

(4)

subject to
w T (r b , qb )l(r b , qb ) = 1 for MV, ESMV, and HOC,
w T (r b , qb )w(r b , qb ) = 1 for WNMV,
w T (r b , qb )l(r b , qb ) = (l T (r b , qb )C −1 l(r b , qb ))

(5)
1/2

for SMV,

and
l(r b , qb ) = L(r b )qb .

(6)

L( r b ) = [ l x ( r b ), l y ( r b ), l z ( r b )] mm is M × 3 lead-ﬁeld matrix which
gives the sensitivities of M EEG sensors for an assumed source location at r b and C is the covariance matrix of EEG channels
C = b(t)bT (t),

(7)

where  . . .  is the ensemble average. Since the minimum-variance
beamformers require the inverse of the covariance matrix C −1 , a
problem may arise when the C is not full rank. Brookes et al. [26]
have suggested using a long window (i.e., as long as possible) of sensor data for calculation of C, which helps C retain its full rank and
obtain a better spatial resolution. However, using a long window
of sensor data increases the risk of including the artefacts which
happen frequently during recordings. Alternatively, when the use
of a long window is not possible or the input SNR is high then C
will not be a full rank matrix and the regularized inverse is suggested ( C +  I)−1 instead of C −1 , where I is the unitary matrix,
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 = 0.0031 is the regularization factor, and 1 is the largest eigenvalue of C [7]. The regularized inverse will also increase the Gain
of the beamformer [18,27,28] but leads to higher interference from
other sources close to the source of interest signal and reduces the
spatial resolution; that is, there is a trade-off between spatial resolution and Gain. The effect of regularized inverse C on performance
of the MV beamformer is well discussed in [26,29]. In this study we
applied  = 0.0011 for regularization of the covariance matrix for
all situations since C was not full rank in some cases.
The second family is that of minimum-norm in which the weight
vector is derived by minimization of
T

w(r b , qb ) = arg min(w (r b , qb )G ˝ w(r b , qb ))

The WNMV beamformer uses a normalized weight vector
w TWNMV × w WNMV = 1 which ensures the signal reconstructed from
any location has the same gain and, hence, avoids location bias,
even when the non-normalized lead-ﬁeld is used.
2.3. Standardized minimum-variance beamformer
The SMV beamformer was introduced in [12] and its vector version in [33]. The constraint for SMV is w TWNMV × l̃ =  and



T

l̃ (r b , qb )C −1 l̃(r b , qb ),

=

(8)
w SMV (r b , qb ) =

w(r b ,qb )



w T (r b , qb )l(r b , qb ) = 1 for GSC (quiescent),
b , qb )G ˝ w(r b , qb )

(9)

= 1 for sLORETA and AGMN − RUG,

where G ˝ is the gram matrix
G˝ =



L(r b )LT (r b )

(10)

r b ∈˝

and ˝ is the ROI which can include several voxels dependent upon
the size of ROI. The sLORETA and AGMN-RUG require the inverse of
gram matrix. For inverse gram matrix the regularized inverse was
used ( G ˝ +  I)−1 , where  is the regularization parameter. Options
for the regularization parameter have been rigorously investigated
[30]. Typically,  is set to the average of the variance of the sensor
noise [31].
The normalized lead-ﬁeld vector l̃(r b , qb ) is used in this study
for all beamformers. The use of the normalized lead-ﬁeld vector
avoids the potential norm artefact of the lead-ﬁeld vector [32], in
which the norm of lead-ﬁeld can change for different locations. For
example in the case of spherical head model, the norm of lead-ﬁeld
becomes zero at the centre of the sphere and the weight vector for
the MV beamformer become inﬁnity.
l̃(r b , qb ) =

C −1 l̃(r b , qb )

(15)
.

(16)

T

l̃ (r b , qb )C −1 l̃(r b , qb )

subject to

w T (r

177

l(r b , qb )
.
l(r b , qb )

(11)

The MV beamformer is the best known beamformer in EEG and
MEG applications [32]. Its weight vector w T (r b , qb ) for an assumed
location and orientation of the source is
C −1 l̃(r b , qb )
T

l̃ (r b , qb )C −1 l̃(r b , qb )

(12)

.

2.2. Weight-normalized minimum-variance beamformer
The WNMV beamformer was proposed for EEG and MEG applications in [7]. Since the constraint of WNMV is w TWNMV × l̃ =  and
w TWNMV × w WNMV = 1, therefore
T

w WNMV (r b , qb ) = w MV (r b , qb ),

=

l̃ (r b , qb )C −1 l̃(r b , qb )



.

T

l̃ (r b , qb )C −2 l̃(r b , qb )
(13)

w WNMV (r b , qb ) =



C −1 l̃(r b , qb )
T

to
l T (r b , qb )C −1 l(r b , qb ) which avoids the location bias. Thus, if
there is only white noise on the sensors ( C = I) then for all locations
in the source space



=

T

l̃ (r b , qb )l̃(r b , qb ) = 1

(17)

and, therefore, SMV has a normalized white-noise spatial map and,
hence, no location bias.
2.4. Eigen-space based minimum-variance beamformer
The ESMV beamformer [23] is based on eigen decomposition of
the covariance matrix into noise and signal subspaces
C = E S S E TS + E N N E TN ,

(18)

where
S = diag[1 , 2 , . . ., J ] and N = diag[J+1 , J+2 , . . ., M ],
(19)

2.1. Minimum-variance beamformer

w MV (r b , qb ) =

In the case of formulation, the SMV beamformer is in fact the
minimum-variance version of the well known sLORETA, i.e., substituting the C by G ˝ yields sLORETA. The constraint of SMV
beamformers ensures that the power of the reconstructed sigfrom any location in the brain is standardized with respect
nal

l̃ (r b , qb )C −2 l̃(r b , qb )

.

(14)

where diag[. . .] is the diagonal matrix with its elements being the
eigenvalues of the signal space S and noise space N , and the
columns in E S and E N being the eigenvectors of C. J is the number
of the eigenvalues of the signal space. The weight vector for the
ESMV beamformer is
w ESMV (r b , qb ) = E S E TS w MV (r b , qb ).

(20)

In Eq. (19) the eigenvalues from 1 to J belong to signal space and
have greater values than  2 , where  2 is the variance of the background EEG. A difﬁculty associated with the application of ESMV
is how to estimate J. At source locations, the lead-ﬁeld vector is
orthogonal to the noise subspace of the covariance matrix [34]
l T (r b , qb )E N = 0,

(21)

but, in practice, the left side of Eq. (21) never becomes equal to zero
[35]. In fact, J can be any number from 1 to M depending on the magnitude of the source. This is a limitation of the ESMV beamformer as
it needs user information to deﬁne J. A work-around for this difﬁculty, suggested by [32], is to overestimate J (i.e., J + J), which gives
a marginal drop in SNR compared with the correct estimation of J.
However, the user may underestimate J and remove the desired
signal from the signal space. As a result, the ESMV beamformer is
more desirable for cases when the SNRin is high and, therefore, the
eigenvalue of the signal space is several times greater than that of
the noise space and J will be a small number such as 1, 2 or 3.
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2.5. Higher-order covariance matrix minimum-variance
beamformer

where, for a single point ROI, the gram matrix is
T

G ˝ (t) = l̃(r b , qb )ŝ2 (t, r b , qb )l̃ (r b , qb ).

The HOC beamformer was introduced in [9] and has a similar
formula to that of the MV beamformer except for the use of higherorder terms (e.g., 2 or 3) in the covariance matrix
w HOC (r b , qb ) =

C −n l̃(r b , qb )
T

l̃ (r b , qb )C −n l̃(r b , qb )

,

n = 2 or 3.

(22)

In our study n = 3. In [9] the HOC was compared with other beamformers, including MV and WNMV, and was shown to be superior
in the case of source localization by neural activity index for strong
sources, but no example was given of time-course reconstruction.
2.6. Generalized sidelobe canceller of quiescent beamformer
The GSC beamformer has two channels, the ﬁrst being the forward channel which can be any type of beamformer and the second
being the blocking (also called nulling) channel. In this paper, the
GSC used in [24] was implemented. The forward channel for this
GSC beamformer is the minimum-norm ﬁlter (also called quiescent
beamformer)
w f (r b , qb ) =

l̃(r b , qb )
T

(23)

,

l̃ (r b , qb )l̃(r b , qb )

whereas the blocking channel includes a matrix Bn which is in the
null space of the lead-ﬁeld matrix and aims to pass the background
signal and not the desired signal
Bn = null[l̃(r b , qb )],

(24)

where null[. . .] refers to null space. Because of this nulling channel, GSC beamformers are also called nulling beamformers. The
ŝ(t, r b , qb ) via GSC is obtained by
ŝ(t, r b , qb ) = w Tf (r b , qb )b(t) − (bT (t)bn )w n (t),

(25)

where w n (t) is the weight vector of an adaptive algorithm such
as least-mean-square (LMS) or recursive-least-square (RLS) [24].
Although GSC has been called the generalized sidelobe canceller
form of the minimum-variance beamformer [24], the GSC described
in [24] belongs to the minimum-norm family of spatial ﬁlters as its
forward channel w f is a minimum-norm ﬁlter. Indeed it is possible
to derive the generalized sidelobe canceller for any beamformer by
adding the blocking channel parallel to the beamformer. The GSC
described in [24] is one of the earliest beamformers used in EEG
and MEG signal processing.
2.7. Standardized low-resolution electromagnetic tomography
SLORETA [25] is a form of spatial ﬁlter which has a similar weight
vector to the SMV beamformer but uses the gram matrix instead
of the covariance matrix. SLORETA is in fact the minimum-norm
version of SMV beamformer. Hence, sLORETA is independent of the
measured data in calculating the weight vector
w sLORETA (r b , qb ) =

l̃(r b , qb )
G −1
˝


l̃

T

(26)

.

l̃(r b , qb )
(r b , qb )G −1
˝

In the AGCMN-RUG beamformer [13], the weight vector is
−1

G ˝ (t)l̃(r b , qb )
T

l̃ (r b , qb )G −1
(t)l̃(r b , qb )
˝

The AGCMN-RUG beamformer is similar to sLORETA, with the
main difference being that in AGCMN-RUG the gram matrix is
updated for each time sample and, hence, the weight vector also
needs to be calculated for each time sample. In the original paper
[13], an important advantage of the AGCMN-RUG beamformer was
claimed to be that it does not require the covariance matrix of
the measured signal. However, after providing the formulations,
Greenblatt et al. [12] mentions that in practice this beamformer is
inﬂuenced by measured noise and, consequently, a regularized version of the AGCMN-RUG was proposed as a solution which uses the
covariance matrix of the measured signal to regularize the gram
matrix. The regularized version was used in this study.
3. Methods
3.1. Forward problem
The simulated EEG data on M electrodes for N time samples is

b(t) =

⎧
N
⎪
⎨ n(t), t = 0, 1, . . ., − 1
2

⎪
⎩ (L(r d )q)s(t) + n(t), t = N , . . ., N − 1

(29)

2

where L( r d ) = [ l x ( r d ), l y ( r d ), l z ( r d )] is M × 3 lead-ﬁeld matrix
which shows the sensitivity of M EEG electrodes for a dipole located
at r d = [rdx , rdy , rdz ]T (mm) in the head, q = ˛ qd , is the dipole moment
in A.m, qd = [qdx , qdy , qdz ]T is the normalized dipole orientation for
which  qd  =1, ˛ is the dipole magnitude, s(t) is the dipole timeseries with unit magnitude, and n(t) is the additive background
signal which is real EEG. In this study, a sinusoidal signal was used
as the dipole time-series
s(t) = sin(2ft),

(30)

where f is the frequency of the simulated dipole in Hz.
Four parameters of the simulated dipole were considered for
examination of the beamformers: location r d , orientation qd , magnitude ˛, and frequency f.
3.2. Simulated EEG data
The simulated EEG data comprised 6s of background EEG n(t)
followed by 6 s of sinusoidal signal projected on the scalp via forward head modelling and superimposed on background EEG. The
background EEGs were obtained from 3 subjects in a resting state
mode. The covariance matrix was measured over the 12 s window.
The boundary element method (BEM) model of the head [36]
from the average MNI-template brain, implemented in the FieldTrip toolbox [37], was used for the forward solution with 3 layers
and a conductivity ratio of skull to soft tissue of 0.0125. Background
EEGs were from 3 healthy subjects in the resting state mode, sampled at 250 Hz, and pass-band ﬁltered at 1–45 Hz.
3.3. Coordinate system

2.8. Array-gain constraint minimum-norm with recursively
updating gram matrix beamformer

w AGCMN−RUG (t, r b , qb ) =

(28)

,

(27)

The MNI coordinate system was used to describe the spatial
location of the simulated source. The directions of the x, y, and z axes
are shown in Fig. 1 and the centre of the coordinates [0, 0, 0] is at the
anterior commissure and in line with the anterior/posterior commissural line. The international 10/10 system was used to deﬁne
the location of the 64 EEG electrodes and the reference electrode
was between the Cz and CPz electrodes.
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Fig. 1. The direction of the x, y, and z axes in the coordinate system used to describe
the spatial location of the simulated source in the brain.

3.4. Performance measures
The performance of a beamformer was quantiﬁed by Gain, being
the ratio of SNR of the reconstructed source time-series at the output of the beamformer, SNRout, to SNR of the EEG data at the input
to the beamformer, SNRin,
Gain =

SNRout
.
SNRin

(31)

SNRin is the ratio of the power of the simulated source, Pinsource ,
divided by the power of the background signal, Pinnoise [10,16].
Pinsource was obtained via Frobenius norm of the ( L( r d ) q)s(t) in
Eq. 29 for the 6 s in which the simulated source was active and
Pinnoise was obtained via Frobenius norm of the n(t) in Eq. 29 for
the same 6 s window.
SNRout is the ratio of the power of the reconstructed time-course
ŝ(t, r b , qb ) at the frequency of the source, Poutsource , divided by the
power of the reconstructed time-course at all frequencies except
that of the simulated source
SNRout =

Pout signal
Pout total − Pout signal

.

(32)

To measure the power P, the FFT was applied to the 6 s window
(6–12 s) of the reconstructed time-course of the source. The power
of the desired source was measured at the frequency of the simulated source and power of the noise was the summation of power
at all other frequencies.
The advantage of using Gain rather than SNRout to determine
the performance of the beamformer with respect to changes in
input parameters is that Gain is independent of minor changes
to the SNRin, whereas SNRout is dependent on SNRin. Ideally, a
beamformer’s Gain would be independent of changes in source
parameters such as depth, orientation, magnitude, and frequency.
Hence, a major aim of this study was to compare the variance of
beamformer’s performances in relation to this ideal.
In the case of the ESMV beamformer, we found J via a search
algorithm which tries all values of J = 1, 2, . . ., M, determines the
Gain for each, and chooses the J with the highest Gain.

4. Computer simulations
Simulations were performed to (1) obtain and compare the spatial and directional pass-bands of the beamformers, (2) estimate the
sensitivities of the beamformers to changes in the input parameters, and (3) obtain white-noise spatial maps of the scalar and vector
beamformers.

Fig. 2. This ﬁgure illustrates the different depths, orientations, and distances applied
to measure the spatial pass-band of the beamformers. The red circles are the 8 depths
(locations) of the simulated sources. As described in Section 4.2, for each of these
locations, different orientations similar to the blue spokes were applied and for each
location and orientation, different frequencies and magnitudes were assigned to the
simulated source (details in Section 4.2). For the spatial pass-band (Section 4.1.1), the
red circles show the locations of the simulated sources and the purple line shows
the distances applied to obtain the spatial pass-band. For the directional pass-band
(Section 4.1.2), the red circles are the locations where the simulated source was
placed and the blue spokes are the orientations assigned to the beamformer while
the orientation of the simulated source was the green line. (For interpretation of the
references to colour in this ﬁgure legend, the reader is referred to the web version
of this article.)

4.1. Pass-bands
Each scalar beamformer has a spatial and directional (orientation) pass-band. The spatial pass-band shows how effective the
beamformer is at spatially allowing the desired source to pass while
meantime suppressing sources nearby. Similarly, the directional
pass-band shows how effective the beamformer is at allowing the
desired source to pass at a desired angle while suppressing the
activity at other angles. Thus, the pass-bands are measures of the
spatial resolution of a beamformer, which is important in source
imaging applications. An ideal beamformer would have pass-bands
similar to the delta function. In this section the aim is to obtain the
spatial and directional pass-bands of the beamformers.
4.1.1. Spatial pass-band
The spatial pass-band (also called ‘beam response’ [32]) can
be estimated by measuring the Gain of beamformers at different
distances from the simulated source. The highest Gain should be for
zero distance. The spatial pass-band may also provide information
on the localization bias of the beamformers; i.e., if the highest
Gain is obtained at distances than zero, the beamformer has a
localization bias. The simulated data were produced by placing
a simulated source in the brain and running the beamformers at
different distances from the source: −46 mm to +46 mm every
2 mm, as shown by purple line in Fig. 2. That is, for every simulated
source there were 47 sample distances at which beamformers
were placed. This process was applied for 8 depths in the head
(red circles in Fig. 2), and 6 magnitudes of the simulated source, so
as to cover both deep and shallow and weak and strong sources.
This process was applied to the EEG background of 3 subjects.
Therefore, the spatial pass-band for each beamformer comprises
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Gains of 47 (sample distances) × 8 (depths) × 6 (SNRin) × 3 (EEG
background) = 6768 conditions. In particular, the Gain at each sample distance comprises the mean and conﬁdence interval of 144
iterations. The 8 depths are in steps of 10 mm from [0, −80, 0] mm
to [0, 0, 0] mm. The 6 SNRins were 0.12, 0.35, 1.00, 3.45, 8.80, and
35.30. The locations of the simulated sources are shown in Fig. 2 by
red circles and the purple line is an example of where the beamformers were run for one of the sample locations. The orientations
of the simulated sources and beamformers were [0, 1, 0] in all cases.
4.1.2. Directional pass-band
The directional pass-band of beamformers can be estimated by
measuring Gain of the beamformers in different orientations relative to the actual source orientation, while keeping the assumed
location of the beamformer the same as for the simulated source.
Ideally, the beamformer directional pass-band should be maximal
when the angle between the beamformer and the source orientation is zero. The simulated data were produced by applying angles
to the beamformer from −90 deg to +90 with respect to the actual
source orientation. The directional pass-band for each beamformer
comprises Gain of 47 (sample angles) × 8 (depths) × 6 (SNRin) × 3
(EEG background) = 6768 conditions. In particular, the Gain at each
sample angle comprises the mean and conﬁdence interval of 144
iterations. For each sample, the beamformer was placed at the same
location as that of the simulated source. That is, 8 depth samples
([0, −80, 0] mm to [0, 0, 0] mm) with all orientations of simulated
sources at [0, 1, 0]. The −90 deg corresponds to [−1, 0, 0] and +90
deg to [1, 0, 0]. In Fig. 2, the sample angles of the beamformers are
shown as blue spokes, whereas the actual orientation of the source
was [0, 1, 0], i.e., parallel to the green line. As for spatial pass-bands,
the 6 SNRins were 0.12, 0.35, 1.00, 3.45, 8.80, and 35.30.
4.2. Effect of source parameters on the performance of
beamformers
Here the aim was to determine the stability of the beamformer
performance with respect to changes in the input parameters
of depth, magnitude, orientation, and frequency. Ideally, Gain
should remain constant with changes in any input parameters. A
simulation was run which produced sources at different depths,
magnitudes, orientations, and frequencies. The depths were from
[0, −80, 0] mm to [0, 0, 0] mm (moving in y direction every 10 mm
and shown by red circles in Fig. 2), the orientations were from [1,
0, 0] to [−1, 0, 0] (corresponding to 180 deg rotating around the
z direction in 11 samples, shown as blue spokes in Fig. 2), SNRins
0.12, 0.35, 1.00, 3.45, 8.80, and 35.30, and the frequencies were 2,
5, 10, 20, and 50 Hz. All of the simulations were applied for the EEG
backgrounds from 3 subjects. Therefore, there were 8 (depths) × 11
(orientations) × 6 (magnitudes) × 5 (frequencies) × 3 (EEG backgrounds) = 7920 iterations (Gain samples). In order to measure
changes of Gain due to each of these 4 parameters, averaging was
applied to other parameters; e.g., to obtain changes in performance
with changes in SNRin, as for each of the 6 SNRin samples there
were 8 (depths) × 11 (orientations) × 5 (frequencies) × 3 (EEG backgrounds) = 1320 iterations (Gain samples). Therefore, the mean and
conﬁdence interval of 1320 Gain samples were calculated and plotted. Similar processes were applied for each of the 4 parameters to
show the sensitivity of beamformer performance to changes in each
of these parameters. In all cases, the beamformers were given the
same location and orientation as the simulated source.

were implanted stereotactically for ET treatment into the ventral
intermedial thalami.
Each DBS electrode had 4 contacts, spaced 1.5 mm apart
(lead model 3389, Medtronic, Meerbusch, Germany). A 64-channel
10–20 standard was used for EEG recording (BrainVision recorder,
MES Electronics, Munich, Germany) and EEG was sampled at
5000 Hz and low-pass ﬁltered at 1000 Hz.
A recording of 10 s of resting state EEG was made while the
right stimulator (bipolar: contacts 0 and 1) was activated, at 10 Hz
with pulses of 300 s width and amplitude of 1.0 Vpeak . To estimate SNRin, independent component analysis (ICA) (infomax [38])
implemented in EEGLAB toolbox [39] was used to remove the DBS
component (EEGDBS ) from other components of the EEG (EEGnoise ).
The FFT was applied to the DBS component of the 10 s epoch and the
power of the DBS component (PDBS ) was deﬁned as the summation
of the power at the main frequency (10 Hz) and its harmonics. The
remaining power was considered to be noise power Pnoise1 . This led
to an SNR of the DBS component. As ICA does not retain the actual
magnitude of the components, PDBS and Pnoise1 , measured via FFT


of the DBS component needed to be corrected (PDBS
, Pnoise1
) via the
Frobenius norms of EEGDBS scaled by the SNR of the DBS component.
The power of the noise on the EEGnoise , Pnoise2 , was also determined
via Frobenius norm of EEGnoise . From this,
SNRin =


PDBS


Pnoise1

+ Pnoise2

,

(33)

and was found to be 0.065.
As the DBS electrodes were implanted, it was not possible to
change parameters such as orientation and location and, hence,
only the spatial and directional pass-bands of the beamformers
could be measured. Dipole ﬁtting post-ICA [40] was used to estimate the anatomical location of the DBS component from scalp
EEG as [10, −12, 0] mm, which is in the right thalamus where the
DBS electrode indeed was implanted. In addition, we applied our
method [41,42], which applies ICA in the source-space (on voxels) post-beamforming rather than sensor-space; a similar location
was found ([6, −16, 2] mm). Based on the ICA, the normalized DBS
orientation was estimated as [0.30, 0.55, 0.78], which converts to
spherical coordinates of [r, , ] = [1, 39, 28] deg. To obtain the spatial pass-band of the beamformers, while y = −14 mm and z = 1 mm,
the beamformers were run for x from −50 mm to 60 mm in steps
of 2 mm. To obtain the directional pass-band of the beamformers,
the of the beamformers was varied from −90 to +90 deg relative
to the DBS orientation, while was kept constant at 28 deg.
Fig. 3(a) shows 0.5 s of the EEG of ET1, (b) is the time-course
of the DBS component, (c) is the FFT of the DBS component, (d)
is the topography of the DBS component (left) and the lead-ﬁeld
pattern of a simulated source in the right thalamus and the same
orientation of the DBS component, and (e) is the source-imaging for
the DBS component via post-beamforming ICA as described in [42].
4.4. White-noise spatial map
A beamformer may have a location bias, in which reconstructed
time-courses from different parts of the brain have different magnitudes from identical sources. This is due to some beamformers
having a non-uniform noise power map; this is shown in [10] for the
vector MV beamformer. The reconstructed time-series for location
r b and orientation qb at time t (equation 1) can be rewritten as

4.3. Real EEG from deep brain stimulation
ŝ(t, r b , bb ) = w T (r b , qb )b(t)
EEG was recorded from a patient with essential tremor (ET)
treated with deep brain stimulation (DBS). Subject ET1 gave written
informed consent. For DBS, bilateral quadripolar microelectrodes

= w(r b , qb )

w T (r b , qb )
b(t)
b(t)
,
w(r b , qb )
b(t)

(34)
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Fig. 3. (a) 0.5 s of EEG from subject ET1, with stimulation of the right DBS electrode placed in the right thalamus. The DBS comprised pulses at 10 Hz with a pulse width of
300 s. (b) DBS component separated by ICA from the recorded EEG. (c) FFT of the DBS component; power of DBS component was measured at 10 Hz and its harmonics up
to ∼1 kHz (low-pass ﬁlter). (d) Topography of the DBS component identiﬁed by scalp ICA (left map) and topography of a simulated source placed in the right thalamus (right
map). (e) Source imaging via source-space ICA [42] for the DBS EEG, with [6, −16, 2] mm as the focal point for the DBS.

where w(r b , qb ) and  b(t) are the norms of the beamformer
weight vector and sensor signals respectively. Therefore, the power
of the reconstructed time-series at location r b depends on both
the norm of the beamformer weight vector and the norm of the
recorded neural activity on the sensors. If the norm of the beamformer weight vector changes due to the location, the power of
the reconstructed time-series will also change, hence introducing location bias. This is why Van Veen et al. [10] proposed the
neural activity index (NAI) (rather than power) measurement at
each r b as this normalizes the noise power map and reﬂects
only changes in neural power. However, the NAI also rectiﬁes and
merges the orthogonal time-courses of the vector beamformer
whereas the user may be interested in the actual time-courses of
the sources of interest. Therefore, a beamformer which inherently
has no location bias is of greater value when the primary aim is
of time-course reconstruction of sources of interest. The WNMV
beamformer is one of the beamformers which does not have a location bias due its weight vector being normalized such that for any r b
the norm of the beamformer weight vector is 1. This is why WNMV
is also called the unit-noise-gain minimum-variance beamformer
[32].
In source localization applications, location bias can result in
both false and missed detections of actual sources [10]. Location
bias can also be misleading when the user is interested in the

time-courses of activity from certain areas of interest as some locations can have magnitudes of higher variance due to location bias.
A good approach for identiﬁcation of beamformers with location
bias is to generate white-noise spatial maps, as applied in [10] for the
vector MV beamformer. If the only signal on the sensors is white
noise,  b(t) will remain constant for all t and obtaining the power
of the reconstructed time-series for different locations will reﬂect
the norm of the weight vector for those locations.
We obtained white-noise spatial maps by applying beamformers on a 3-D scanning grid. Similar to [10], the only activity on
the sensors was uncorrelated white noise (10 s). The beamformers
were run on a 3-D scanning grid of 2041 × 10 mm3 voxels covering
the whole brain. The power of each voxel was measured
via
ŝ2 (t, r d , qd ), then projected back onto the scanning grid to
obtain white-noise spatial maps of the beamformers.
There are two implementations of vector beamformers: (a)
vector beamformers with 3 orthogonal outputs (3-D vector beamformer as applied in [10]) and (b) vector beamformers which is
made of 3 orthogonal scalar beamformers in each of the orthogonal directions (3-scalar vector beamformer as applied in [9]). In
the case of vector MV, the 3-D vector beamformer can be written as
W (r b ) =

C −1 L̃(r b )
T

L̃ (r b )C −1 L̃(r b )

(35)
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whereas the 3-scalar vector beamformer is written as:
w  (r b ) =

C −1 l̃  (r b )
,
T
l̃  (r b )C −1 l̃  (r b )

 = x, y, z.

(36)

The latter implementation was proposed by [9] as a means of
improving source imaging via the neural activity index (NAI). Johnson et al. [20] have highlighted differences between these two
implementations both for time-course reconstruction and localization via the MV beamformer. Similarly, the white-noise spatial
maps can be different between two implementation. For example,
if the signal on the sensors is white noise, C = I and the norm of
the weight vectors for the 3-D implementation is
W (r b ) =

L̃(r b )
T

L̃ (r b )L̃(r b )

= L̃

−1

(r b ) ≥

1
L̃(r b )

1
= √ .
3

(37)

Fig. 4. Spatial pass-bands of the beamformers, with distance from source changed
every 2 mm from −46 mm to +46 mm parallel to the x vector, as shown in Fig. 2 as
a purple line. The vertical bars are mean ± 95% conﬁdence interval.

T

In the above equation, the denominator L̃ (r b )L̃(r b ) is not constant as it changes for each r b , since

⎛

1

L̃ (r b )L̃(r b ) = ⎝ ?
T

?

?

?

?

1

⎞

1 ? ⎠.

(38)
5.1. Pass-band

Therefore, the 3-D implementation of the MV beamformer does
not have a uniform white-noise spatial map even when the normalized lead-ﬁeld is used. For the 3-scalar vector implementation
the norm of the weight vectors when only white noise is applied is
w  (r b ) =

l̃  (r b )
T

l̃  (r b )l̃  (r b )

= 1,

 = x, y, z.

(39)

Therefore, the norm of the weight vectors for every r b is 1 and
the 3-scalar implementation of the vector MV beamformer has a
uniform white-noise spatial map only when the normalized leadﬁeld is used. The normalized lead-ﬁeld is applied in this study,
otherwise Eq. 39 is not correct and both implementations of the
vector MV beamformer have a location bias. Eq. 39 also indicates
that all scalar beamformers from the minimum-variance family
have a uniform white-noise spatial map when the normalized leadﬁeld is used.
We have calculated white-noise spatial maps for both vector
implementations for all beamformers in our study to determine
which implementations have or do not have location bias. The
ESMV and HOC beamformers have the same structure as the MV
beamformer. For the vector beamformers, the power of the timecourses at each location was measured via



ŝ(t, r b ) =

hence, they are shown as single green lines in the graphs. Similarly,
sLORETA and AGCMN-RUG were near identical in all simulations
and are shown as single blue lines.

ŝx2 (t, r b ) + ŝy2 (t, r b ) + ŝz2 (t, r b ).

(40)

5. Results
A qualitative summary of beamformer comparisons is given in
Table 1. Quantitative results are in Figs 4–11. Gain characteristics of the MV, WNMV, SMV beamformers are near identical and,

The spatial pass-bands of the beamformers are shown in Fig. 4.
The MV, WNMV, and SMV beamformers have much narrower
spatial pass-bands than the other beamformers. The full-width
half-maximums (FWHM) for MV, WNMV, and SMV were 3.5 mm,
ESMV 18 mm, GSC 12 mm, and sLORETA and AGCMN-RUG >88 mm.
The HOC beamformer performed so poorly that it was not possible
to estimate its FWHM. At 0 mm distance, the Gain of ESMV was
slightly higher than MV, WNMV, and SMV. The maximum Gain for
sLORETA and AGCMN-RUG was at −4 mm (4 mm in the −x direction), indicating a localization bias.
The directional pass-bands are shown in Fig. 5. The FWHMs for
MV, WNMV, and SMV were 8 deg, ESMV 14 deg, GSC 128 deg, and
sLORETA and AGCMN-RUG 62 deg. Again, the HOC beamformer had
such a poor performance that it was not possible to estimate its
FWHM. All of the beamformers had maximum Gain at 0 deg except
for sLORETA and AGCMN-RUG which had maximums at 5 deg.
The spatial pass-band of the GSC is far narrower than its directional pass-band, whereas the opposite is the case for sLORETA
and AGCMN-RUG. In the case of minimum-variance beamformers,
both spatial and directional pass-bands were narrower compared
to minimum-norm beamformers.
5.2. Source depth
The effect of depth of source on the Gain of the beamformers is
shown in Fig. 6. Depth was deﬁned as the distance of the simulated
source, changing in the y direction from a scalp point at [0, −115,
0] mm. The Gain of minimum-variance beamformers (MV, WNMV,
SMV, and ESMV) dropped considerably with increasing depths; e.g.,
at a depth of 95 mm, their Gains had decreased to ∼13% of their

Table 1
Summary of beamformer comparisons.*
Beamformer

Depth sensitivity

Magnitude
sensitivity

Orientation
sensitivity

Frequency
sensitivity

Spatial
resolution

Location bias

Minimum-variance

MV
WNMV
SMV
ESMV

High
High
High
High

High
High
High
High

Minimal
Minimal
Minimal
Minimal

High
High
High
High

Highest
Highest
Highest
Intermediate

3-D vector version only
None
None
3-D vector version only

Minimum-norm

GSC
sLORETA
AGMN-RUG

Medium
Medium
Medium

High
Minimal
Minimal

Medium
High
High

High
Minimal
Minimal

Intermediate
Lowest
Lowest

3-D vector version only
Scalar and vector versions
Scalar and vector versions

*

‘High’ means a reduction in Gain of > 50% of the maximum Gain; ‘Medium’ means a reduction between 50 and 20%; ‘Minimal’ means a reduction of < 20%.
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Fig. 5. Directional pass-bands of the beamformers. The angle of the beamformer
was deﬁned with respect to orientation of the simulated source which was parallel
to the y vector. The angle of the beamformer is shown in Fig. 2 with blue spokes,
whereas the angle of the simulated source was parallel to the green line. Therefore,
the orientation of the source was [0, 1, 0] and the orientation of the beamformer
changed from [1, 0, 0] to [−1, 0, 0], corresponding to 180 deg around the z vector,
every ∼3.8 deg. The vertical bars are mean ±95% conﬁdence interval. (For interpretation of the references to colour in this ﬁgure legend, the reader is referred to the
web version of this article.)
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Fig. 7. Effect of varying SNRin (magnitude of the source) on performance of the
beamformers. SNRin = 0.12 to 38.00 (6 samples). The vertical bars are mean ±95%
conﬁdence interval.

Fig. 8. Effect of varying orientation of the simulated source on performance of the
beamformers. The different orientations (11 samples) for the source are shown in
blue spokes in Fig. 2, corresponding to 180 deg around the z vector. The vertical bars
are mean ± 95% conﬁdence interval. (For interpretation of the references to colour
in this ﬁgure legend, the reader is referred to the web version of this article.)
Fig. 6. Effect of depth of source on performance of the beamformers. The simulated
source was placed at 8 depths, shown with red circles in Fig. 2. Depth was deﬁned
as the distance of the simulated source (which changes in y direction) to a scalp
point at [0, −115, 0] mm. The vertical bars are mean ±95% conﬁdence interval. (For
interpretation of the references to colour in this ﬁgure legend, the reader is referred
to the web version of this article.)

Gains at 35 mm. Despite this, the Gains of minimum-variance beamformers were still higher than the other beamformers. An increase
in the depth of the simulated source also caused a drop in Gain on
the other beamformers, albeit to a smaller extent; e.g., at 95 mm
the Gain of sLORETA and AGCMN-RUG had dropped to ∼34% of the
Gain at 35 mm and the Gain of GSC had dropped to ∼40%.

zero change and MV, WNMV, SMV, and ESMV had relatively small
changes in Gain of ∼10%.
5.5. Source frequency
The effect of different source frequencies on performance of the
beamformers is shown in Fig. 9. MV, WNMV, SMV, ESMV, and GSC
mostly increased in Gains with increased frequency of the simulated source; e.g., the Gains of MV WNMV, SMV, and ESMV at lowest
frequency (2 Hz) were ∼40% of their respective maximum Gains at
highest frequency (50 Hz). Similarly, GSC at 2 Hz was only 10% of its
maximum at 50 Hz. The Gains of sLORETA and AGCMN-RUG were
independent of the frequency of the source.

5.3. Source magnitude
The effect of magnitude of the source (SNRin) on the Gain of the
beamformers is shown in Fig. 7. The Gain of MV, WNMV, SMV, and
ESMV dropped considerably with increasing SNRin; e.g., as SNRin
increased from 0.12 to 38.00 the Gain decreased by ∼81% from 130
to 25 (∼35 in the case of ESMV). GSC was the most affected by
increase in magnitude of the sources, with a drop in Gain of ∼92%.
sLORETA and AGCMN-RUG were linear in the case of changes in the
magnitude of the source and retained a constant Gain for all SNRin
values.
5.4. Source orientation
The effect of different orientations on the performance of the
beamformers is shown in Fig. 8. SLORETA and AGCMN-RUG were
the most affected with ∼50% ﬂuctuation in Gain. GSC had a near

Fig. 9. Effect of varying the frequency of simulated source on performance of the
beamformers. Five frequencies (2, 5, 10, 20, and 50 Hz) were assigned to the simulated source. The vertical bars are mean ±95% conﬁdence interval.
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Fig. 10. Spatial and directional pass-bands of the beamformers for the DBS experiment. (a) Spatial pass-bands: distance from source was deﬁned as the distance of the
beamformer in the x direction from a point [8, 14, 1] mm where it was assumed the DBS electrode was located. The x of the beamformer was changing from −50 mm to
+60 mm every 2 mm. The normalized DBS orientation was estimated to be [0.30, 0.55, 0.78] or in spherical coordinates, [r, , ] = [1, 39, 28]. (b) Directional pass-bands:
was varied from −90 to +90 deg of angle difference in respect to the DBS orientation of , whereas was kept constant at 28 deg.

5.6. Real EEG (DBS)
The spatial and directional pass-bands of the beamformers
for EEG containing DBS signals are shown in Fig. 10(a) and (b)
respectively. For the spatial pass-band, the FWHM of MV, WNMV,
and SMV was 42 mm, which is slightly higher than the 34 mm for
GSC. ESMV, sLORETA, and AGCMN-RUG had FWHMs more than
90 mm. For the directional pass-band, the FWHMs of MV, WNMV,
and SMV were all 54 deg, compared with 106 deg for GSC, 94 deg
for ESMV, and 72 deg for sLORETA and AGCMN-RUG.
There are similarities between the DBS spatial and directional
pass-bands to those seen in the simulations, i.e., GSC had a narrower
spatial than directional pass-band and, similarly, sLORETA and
AGCMN-RUG had narrower directional than spatial pass-bands.
Also, as for simulations, sLORETA, and AGCMN-RUG had maximum
Gains different from those of the actual location or orientation of
the DBS source.
There were, however, two main differences between the simulations and DBS results: (1) the spatial and directional pass-bands
of the beamformers were considerably wider than the simulations,
and (2) GSC had a higher Gain than MV, WNMV, and SMV, whereas
in the simulations the GSC had an overall maximum Gain several
times smaller than that of MV, WNMV, and SMV. The ﬁrst difference

could be because the DBS electrodes are placed in a deep part of the
brain and deeper sources tend to result in a more smearing of EEG
topography which degrades the spatial resolution of the beamformers. Fig. 3(d) also shows differences between DBS topography
and head modelling. The second difference could be due to the (1)
depth effect which is also shown in Fig. 6 where the Gain of GSC is
not much smaller that MV, WNMV, and SMV for the deeper sources
and (2) the frequency of the DBS signal, where although pulses
were at 10 Hz, the pulse-width was 300 s and therefore the DBS
signal looks very different from the background brain activity and
has high frequency harmonics which make it easier for the adaptive algorithm of the GSC (LMS) to remove the background activity
and pass DBS pulses. The frequency effect can be seen in Fig. 9,
where the Gain of MV, WNMV, and SMV increased by 2 times over
the frequency range whereas Gain increased ∼10 times for GSC.
To substantiate the above explanations, a simulated DBS EEG
was created: the DBS component, which was identiﬁed by ICA in
Section 4.3 was separated from other background activity, then
seeded to the same location as that of the DBS electrodes (right
thalamus) and superimposed on the background EEG from the same
subject. The spatial pass-band was then obtained for the real simulated DBS EEG (11). As can be seen, GSC had the highest Gain of
all the beamformers. However, the pass-bands of the MV, WNMV,
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Fig. 11. Spatial pass-bands of the beamformers for the simulated DBS experiment. The simulated DBS source was placed at [8, 14, 1] mm. The time-course of the simulated
DBS was the DBS component identiﬁed by scalp ICA of the real DBS EEG. To obtained the spatial pass-band, a similar process was applied as described in Fig. 10.

SMV, and GSC for the simulated DBS were much narrower than
for the real DBS; i.e., FWHM ∼14 mm for simulated DBS compared
with ∼40 mm for real DBS. This considerable difference is due to
the difference between head modelling (BEM) and the real brain;
this is considered one of the main limitations of the application of
beamformers in [11]. This difference can also be seen in Fig. 3(d).
5.7. Location bias
The scalar MV, WNMV, SMV, and GSC had uniform white-noise
spatial maps. In comparison, sLORETA and AGCMN-RUG had location biases since their white-noise spatial maps were non-uniform
(Fig. 12(b)), with the power in some regions being 3 times higher
than other regions. This non-uniformity is due to both of these
beamformers using the gram matrix G ˝ which has a matrix norm
which varies with the location and, hence, introduces location bias.
The two implementations of the vector beamformers (3-D
vector and 3-scalar vector beamformer) resulted in different whitenoise spatial maps. However, as the 3-scalar implementation
essentially comprises scalar beamformers in each of the 3 orthogonal directions, its white-noise spatial maps are similar to the

scalar version reported above. Hence, for 3-scalar vector implementation, MV, WNMV, SMV, GSC have uniform white-noise spatial
map and sLORETA and AGCMN-RUG have location bias with the
power 3 times higher in certain regions.
In the case of the 3-D vector beamformers, MV, sLORETA, and
AGCMN-RUG have non-uniform white-noise maps, with power in
some regions being more than 3 times higher than other regions.
This is in line with Eq. 37. GSC also had a non-uniform white-noise
spatial map, but to a much smaller extent, with a difference of up
to 20%. Only WNMV and SMV had completely uniform white-noise
spatial maps. For all the 3-D vector beamformers with non-uniform
white-noise spatial maps, the regions with higher power were in
locations furthest from the scalp sensors. This location bias for the
3-D vector MV beamformer is similar to Fig. 1(a) and (b) in [10].
As ESMV and HOC are based on MV, their white-noise spatial maps
are the same as for MV.
5.8. An important difference between MV, WNMV, and SMV
Although in all simulations, except for location bias, MV, WNMV,
and SMV had identical performances, we found an important

Fig. 12. White-noise spatial maps of the beamformers. The plots show the power differences (%) of the voxels relative to the voxel with the smallest power. (a) A uniform
white-noise spatial map in which the power of all voxels are the same, such as for scalar MV, WNMV, SMV, ESMV, HOC, GSC. (b) A non-uniform white-noise spatial map in
which some areas have a power more than 3 times to that of other areas, as is the case for sLORETA and AGCMN-RUG. The 3-scalar implementations of the vector beamformers
have white-noise spatial maps similar to the scalar beamformers. In contrast, of the 3-D implementations of the vector beamformers, only WNMV and SMV have uniform
maps.
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Fig. 13. Time-course reconstruction via MV, WNMV, and SMV for a simulated source (ground truth) in two conditions: (a) a single 12 s covariance matrix, and (b) with a
3 s updating covariance matrix. For ease of demonstration, the background activity was white noise. Updating the covariance matrix introduces visible discontinuity in the
reconstructed time-course of the SMV beamformer. The time-courses of SMV and WNMV have magnitude biases as the magnitude of the burst of activity at 6–7 s is different
from the preceding burst at 0–3 s for the right plots.

difference between these three beamformers in relation to the
covariance matrix. Fig. 13 shows the time-course reconstruction
of a simulated source, active from 0–3 s and 6–7 s (ground truth),
superimposed on white noise in two situations: the covariance
matrix calculated from a 12-s window (the left-hand plots) and
the covariance matrix calculated 4 times via a 3-s moving window (the right-hand plots). When the covariance matrix was 12 s,
all three beamformers had near identical time-course reconstructions, whereas for the moving 3-s covariance matrix window, SMV
magniﬁes the white noise when there is no source activity. Since in
the simulations (Sections 4.1–4.4) the length of the simulated EEG
was 12 s (and the simulated source was active at 6–12 s), the covariance matrix has been calculated over the whole 12 s and, therefore,
the difference of these three beamformers is minimal. Conversely,
if multiple smaller windows are applied, SMV has lower Gains in
the plots than MV and WNMV. However, other speciﬁcations such
as spatial and directional pass-bands would not change. Another
difference is the magnitude bias: in the left-hand plots, the magnitude of the second burst of activity (6–7 s) is higher than the
ﬁrst burst (0–3 s) for WNMV and SMV, whereas the time-course
reconstructed by MV does not have this bias.
6. Discussion
In this study, the performances of 8 beamformers were
evaluated and compared based on (1) quality of reconstructed
time-courses, (2) spatial and directional pass-bands, (3) effect of
simulated source parameters on Gain of the beamformers, and
(4) white-noise spatial maps. Gain was used to evaluate performance and was deﬁned as the ratio of the SNR of the reconstructed
time-course to the input SNR. No beamformer was found to be
superior in all of the desired characteristics for all conditions.
Minimum-variance beamformers had superior spatial and directional resolutions but were more sensitive to changes in source
parameters. BEM, which was used for the head modelling in the
simulations, cannot take into account the effect on EEG of local
changes in skull resistance, which can smear the topography of

sources and especially deep sources. We consider that the results
of the simulations are also not only applicable to MEG but are more
accurate than EEG due to the smearing inﬂuence of the skull being
minimal for MEG.
The behaviour of each beamformer is summarized and discussed
below.
6.1. Minimum-variance beamformers
The minimum-variance (MV), weight-normalized minimumvariance (WNMV), standardized minimum-variance (SMV), eigenspace minimum-variance (ESMV), and higher-order covariance
matrix (HOC) beamformers all belong to the minimum-variance
class of beamformers. MV, WNMV, and SMV had identical performances in terms of sensitivity to changes in the input parameters and
spatial and directional pass-bands. ESMV performed similarly to
the other minimum-variance beamformers except for having wider
spatial and directional pass-bands and a higher Gain due to the
removal of noise space from the covariance matrix. However, this
advantage is only present when sources of interest are strong. A
similar limitation of subspace-projection-based spatial ﬁlters was
reported in [16]. Therefore, ESMV is most suitable for strong source
signals such as large evoked potentials [43]. Similarly, ESMV performs better in reconstruction of shallower source signals, as they
are spatially more separable than deep EEG sources [35].
With respect to changes in input parameters, the minimumvariance beamformers (MV, WNMV, SMV, ESMV) were shown to be
much more sensitive to changes in depth, magnitude, and the frequency of the simulated sources than sLORETA and AGCMN-RUG.
Conversely, the minimum-variance beamformers are less sensitive
to changes in source orientation than sLORETA and AGCMN-RUG.
Through the simulations and the DBS study, the spatial pass-band
of MV, WNMV, and SMV were found to be superior to sLORETA and
AGCMN-RUG but not better than GSC. The directional pass-band
of MV, WNMV, and SMV were superior to the other beamformers. In the case of ESMV, the DBS experiment showed that their
spatial and directional pass-bands are not as good as the other
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minimum-variance beamformers (MV, WNMV, and SMV). MV,
WNMV, SMV, and ESMV maintained higher Gain than the other
beamformers in all situations except the DBS experiment, due to
the narrow pulses of the DBS which have high-frequency harmonics
which enables GSC to achieve a higher Gain.
Although MV, WNMV, and SMV performed identically with
changes in input parameters and identical pass-bands, there are
differences between these beamformers. In the case of white-noise
spatial map, the scalar versions of MV, WNMV, and SMV and, hence,
their 3-scalar vector implementation, had uniform white-noise
spatial maps when the normalized lead-ﬁeld was used. But for the
3-D implementation of the vector version, MV had a non-uniform
white-noise spatial map and, therefore, had a location bias, whereas
WNMV and SMV had uniform white-noise spatial maps. Another
difference between MV, WNMV, and SMV is magnitude bias, where
updating the covariance matrix introduces non-uniformity in the
magnitude of the reconstructed time-courses of SMV in particular.
The HOC beamformer had very poor time-course reconstruction
under all conditions. In fact, there was no example in the original
paper [9] of time-series reconstruction by this beamformer, as it
was only compared to other beamformers in terms of neural activity index. We included the HOC in the current study as it had been
compared with other beamformers, including MV and WNMV, and
shown to be superior for source localization by neural activity index
for strong sources [9]. However, HOC achieves a higher SNR than
MV via the neural activity index at each time sample, which was the
focus in [9], whereas our focus was on performance of beamformers
on the reconstruction of the actual time-courses of sources.

6.2. Minimum-norm beamformers
In this study, three minimum-norm beamformers were evaluated: standardized low-resolution electromagnetic tomography
(sLORETA), array-gain constraint minimum-norm ﬁlter with recursively updating gram matrix (AGCMN-RUG), and the generalized
sidelobe canceller form of the quiescent beamformer (GSC).
Throughout this study, sLORETA had an identical performance
to AGCMN-RUG. SLORETA and AGCMN-RUG were found to be
linear with respect to magnitude and frequency of the simulated sources, but had changes in Gain with respect to changes
in the orientation and depth of the source. They had average
Gains several times smaller than the minimum-variance beamformers for small weak sources, but similar Gains for strong sources.
SLORETA and AGCMN-RUG were also found to have poor spatial and
directional resolutions compared with minimum-variance beamformers. Another important point with these two beamformer is
that they had errors identifying actual orientations of the sources
in both the simulation and the DBS experiment. Both of these beamformers had wider spatial pass-bands than directional pass-bands.
AGCMN-RUG was proposed in [13] and it was stated AGCMN-RUG
does not need a covariance matrix of the sensor data. However, in
this context the covariance matrix was applied for regularization of
the gram matrix. The original paper stated that AGCMN-RUG cannot replace the minimum-variance beamformer as it has a spatial
resolution intermediate to sLORETA and MV.
GSC performed similar to the minimum-variance beamformers (e.g., nonlinear to magnitude and frequency of the simulated
source) and had a narrower spatial pass-band than sLORETA. However, the directional pass-band of GSC was widest both in the simulation and in the DBS experiment. Overally, GSC had lower Gains to
those of the minimum-variance beamformers. However, an important exception to this was seen in the DBS experiment, in which
the short pulse width of the DBS signals contained high-frequency
harmonics which made it easier for the adaptive LMS algorithm of
the GSC to ﬁlter the DBS pulses from the background activity.
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7. Conclusion
The aim of the current study was to examine and compare the
performance of 8 beamformers from the minimum-variance and
minimum-norm families of spatial ﬁlters, particularly with respect
to variations in depth, orientation, magnitude, and frequency of the
simulated sources. Spatial and directional pass-bands and whitenoise spatial maps of these beamformers were also investigated.
A real source signal from a DBS patient was also investigated for
comparison with results from simulated sources. Gain was used
to describe the behaviour of the beamformers and was deﬁned as
the ratio of the SNR of the reconstructed time-course to that of
the input signal on EEG. In summary, minimum-variance beamformers have higher Gains, although their performance is more
affected by changes in magnitude, depth, and frequency of source
signals. Minimum-norm beamformers have lower Gains but are
more invariant to changes in magnitude, depth, and frequency of
the sources. Minimum-variance beamformers have superior spatial
resolution. The white-noise spatial maps of the beamformers show
that some vector beamformers (WNMV, SMV) have no location
bias irrespective of whether implemented as 3-D vector or 3-scalar
vector beamformers, whereas others always have bias (sLORETA,
AGCMN-RUG) and some (MV and GSC) only have bias for 3-scalar
vector implementation.
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